8" International Conference of Modeling and SimulatidlOSIM’10 - May 10-12, 2010 - Hammamet - Tunisia
“Evaluation and optimization of innovative produani systems of goods and services”

STOCHASTIC SINGLE MACHIN
COMMON

Rachid BENMANSOUR?, Abdelhakim ARTIBA*

Université de Lille Nord
Université de Valenciennes et du Hainaut Cambfrésis
LAMIH FRE CNRS 3304 -Le Mont Houy, F-59313
Valenciennes Cedex 9
rachid_emi@hotmail.com ; abdelhakim.artiba@univ-
valenciennes.fr

E SCHEDULING WITH RANDOM
DUE DATE

Hamid ALLAOUI?

Université de Lille Nord
Université d’Artoi$
9 rue du Temple - BP 10665 - 62030 Arras Cedex
hamid.allaoui@artois-univ.fr

ABSTRACT: This paper studies the single machine schedulirdplpm for minimizing the expected total weighted
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1 INTRODUCTION

Scheduling is a decision making that is used cegalar
basis in many manufacturing and service industaies
well as in most information processing environmeitts
plays an important role on allowing available rases
to tasks over a given period of time and it aimsgtm-
ize one or more objectives (Pinedo, 2008). Overdke
decade, there is a growing interest in the litemtio
study scheduling problems for their usefulness anyn
situations in the real world (transportation, disition,
production). There are two classes of schedulirabpr
lems: (a) deterministic scheduling models and (b} s
chastic scheduling models. For the latter, the jobs
(processing times, release dates,...) may not betlgxac
known in advance; only their distribution are knoimn
advance. Interested reader on classes of schedubdg
els can refer to (Baker and Trietsch, 2009). Inghper
of (Lawler et al, 1993), the authors give a dethivwer-
view of deterministic scheduling models whereagfRi
ter, 1994) does the same thing for stochastic sdimerl

tice, some of these assumptions are unrealisti@ Th
scheduler may have to deal with various forms afenn
tainties: machines may be subject to lengthy amaten
dictable breakdowns and repairs. Processing times
and/or due dates may also be of a stochastic nature

In his paper (Jia, 2001), Jia considered the cadserav
the processing times and the due dates are expalhent
distributed random variables and the rate of the date

is an arbitrary positive number. He regarded thal to
weighted deviations of completion times of jobs wath@
common due date as objective function. He demamestra
that the optimal schedules are shown to/kshaped.
(Pinedo, 1993) and (Pinedo and Rammouz, 1988) stu-
died, under the same assumptions, several regtiar s
duling problems in which the objective functions ar
increasing functions of completion times, such las t
total weighted tardiness, the maximum latenessher t
number of tardy jobs.

In this paper we extend the model presented in (Jia
2001) in the case when the common due date is any n
negative distribution.

To this aim, we use the methodology given in (Elmag

Among the scheduling problems considered within the hraby et al., 2009) and (Benmansour et al., 204 @pt

just-in-time (JIT) concept there are problems iricktall
the jobs have to be completed as close as podsitde

proximate any positive probability density functiby a
combination of exponential distributions, known as

common due date (Gordon et al., 2002). The commonPhase type distributions (PH-D). Theses distrimgio

due date model corresponds, for instance, to andsdy

were first introduced by Neuts (Neuts, 1975) asdise

system in which the components of the product shoul tribution of the absorption time of a finite-stdarkov

be ready at the same time.
Scheduling models with both earliness and tardiaess
consistent with the JIT philosophy; Goods are poedu

process.
We have comfort that we can accomplish such approxi
mation, since the set of Phase type distributisrdense

only when they are needed and jobs are scheduled tdn the set of non negative distributions (Nelso899).

complete as close as possible to their due dateed®,
2008).
The problem of scheduling jobs on machines is Wgual

In other words, any non negative continuous distiin
can be approximated arbitrarily closely by a PHFDr-
ther, the set of PH-D’s is closed under some ojmarsit

discussed under the assumptions that the processing particular, a convex mixture of independent PH-i5
times and due dates are known in advance andhbat t a PH-D, and the convolution of independent PH-B'a i

machines are continuously available. However, gcpr

PH-D. A sequence of PH-D witk different parameters
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{4} strictly positive {=1.k) result in a generalized Er-
lang distribution withk parameters (GED In this pa-
per, we limit our study to GEDand GER.

=1-P(min(X,Y) >t)

=1-P(X >t)P(Y >t)

=1-e"(1-P(X <t))
Therefore

0 =220 = yer(F, ©-Jrer,

Assuming than, the CDF of random variablg, is de-
rivable.
The expectation of random varialdes given by:

2 PROBLEM FORMULATION

We keep the same notation as in (Jia, 2001). Giveet
N={1,2,...n}, n>1, of independent and simultaneously
available jobs which are to be processed nonpreeeapt
ly on a single machine. Jol§i € N) requires a non nega-
tive random processing tinpg and is assigned a positive
weight w;. D is the common stochastic due date of all
jobs.

Let IT be the set of alh! possible permutations of the
integers 1, 2,...,, nz =([1], [2],...,[n]) eI which denotes
that job [K] is the K job to be processed on the machine.

E[Z] = thz(t)dt

E[Z] = [te™ f, (t)dt - y[te " F, (t)dt + y[te ™dt
0 0 0

Assume that there is no inserted idle time in tiedule
szell, and the start time of the schedule is 0. Thedeun
schedule 7z, the completion time & of job [i] is

C[i] :z'k:l Prk; - The objective here is to find an op-

timal scheduler’eIT that minimizes:

WD(7) = E(Zinﬂvv[i]‘cli] - D‘) (1)

E(X) denotes the expectation of random variable

3 DETERMINISTIC EQUIVALENT OF THE
STOCHASTIC SCHEDULING PROBLEM

Let p; (i € N) be exponentially distributed with rafe
andD is a GED with parameters andb strictly posi-
tive. Then the probability density function (PDF)® is
given by :
- ab —a _
o= Gy & )

and its cumulative distribution function (CDF) by :

—at _ - bt
Fo(t)=1+ be ae

It is easy to derive the following integrals:

)

[te™F (t)dt—j e f (t)dt+j—e Yt (t)dt

yjte‘y‘dt =1
0 y

And finally derive the expression BfZ].

Let U be a random variable defined@dsmin(X,D).

X is a non negative random variable dbds a GEDQ
with parameters andb. FurthermoreX andD are inde-
pendent.

Then the CDF oW is given by :

(1 a w, b 4
R, (M) =1-(1 Fx(t))[a_be to—e ]
We derive then the PDF &f :
£, (t) = ﬁ[e-bt f (0 -be™(F, (t)-1)]

b —a -a
e 0 -ae (7 (0)-1)
The expectation of random varialiJes given by :
E[U] = j:tfU (t)dt

a-b o
_ [ a ) ["tle™ £ () - be™ (F, (1) ~D)t
In order to establish the deterministic equivalehthe a-b
stochastic scheduling problem, we first give thkofe- b \e~.( a a

gp g {b )L et () -ae™ (F, () -t

ing lemma (Jia, 2001).

Lemma. Let X andY be independent non negative ran-
dom variables, an® be exponentially distributed with
ratey, then

Using the integral calculated to proof the lemmavat)
we get:

E[mir{X,D}] = oo )( e‘bx) Ao~ )(l E[e‘ax]) )

E[min{X, Y}] :)1/(1— Ee™])-

This result will allow us to calculate the expectethl
weighted deviations of completion times:

Eq [i] D|)

We give in this paper the proof :

Proof :

Let Z be a random variable definedZsmin(X,Y).
Then the CDF of is given by :

F, (t) = P(Z <t) = P(min(X,Y) <t)

(max (C[i] -D O))

+ E(max (D Cii 0))
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chm - D|): E(Cy - min (. D))

+ E(D - min (D'Cm))
ch[i] - D‘): E[F:m]Jr E[D]- 2E[min{C[,], D}]
chm - D|): ZI_: )I[lk] _(§+ %)

+ At
a b Ik_l A + b
Then (1) can be written as

n i 1 l 1 n
WD (77) = % Wm(;l/]J - (a+ b]; Wi,

[k]

setms Dot
a(b a)< “{D A[k][k] ]

Ik—l A
a - a Ayg + @

3)

4 THE A-SHAPED PROPERTY OF OPTIMAL
SCHEDULES FOR GED;

As a generalization of the total tardiness probierthe
deterministic case, one may consider that an esdin
penalty is incurred whenever a job, gays completed
before its due datd,. In this case, the objective function
is no more regular. In minimization of the totaflgeess
and the total tardiness with a common due daié has
been shown (Pinedo, 2008) that in an optimal sdeedu
the jobs in setl; (contains the jobs that are completed
early, i.eCj<d) are scheduled first according to longest
processing time rule (LPT) and the jobsJin(contains
the jobs that are started late) are scheduledtastrding
to shortest processing time rule (SPT). In betwbese
two sets of jobs there may be one job that staetaty
and completed late.

Because of this property, it is often said thatdp&mal
schedule has a V-shape.

In contrast, A A-shaped schedule with respect
processing times is that the jobs are arrangeddaral-
ing order of their processing times if they arecpth be-
fore the largest job, but in descending order dcpd
after it. To proveA-shaped optimality, one should show
that a schedule with three consecutive jolpsindk such
that the processing time of jobis smaller than the
processing times of jobhsandk cannot be optimal.

Theorem 1. The optimal schedules that minimize (3) are
A-shaped in terms afi4; (i € N); wherewd; =wi/E(p;).
Proof.

Let 7" =([1], [2],...[m-1], i, |, Kk, [m+3],..]n]), be an op-
timal schedule for minimizing (2), where<th<n-2 and
jobs i, j and k are three consecutive jobs with>w;/;
and wA>wi. Let 7y =([1], [2],...[m-1], j, i, K,
[m+3],....[n)) and =z =(1], [2],...[m-1], i, k, |,
[m+3],...,[n]). From (2) we have

WOUzZ) WOz ) = WA —W A + 2a _ WA —wA
WD) = .
£ AA Tacb (A +bJA, +b
+ 2b T Wj/‘j -WA
b-a (A +a)A +a)
WhereT = ﬁl Ay andT '= mﬂ&
a2 A +b = App+a
Similarly, we can get
A AlWA —wWA
WE(%) Wl:(n.)_ J J \M< + 2a I(M k j J)
AA a-b (4 +bJA +bfA +b)
2 Ai(\M/‘k WA,

ey (A +a)n, +afA +a)
let

_bwoom)-we g, | o) -weer a2

WA =W, A, WA =W, A,

<4

then :

1
m-1
—24 A, abﬂAm (A, +b)A, +b)A, +b”()lm+b)

a-b _ 1
m-1

(A +a)(/1j +a)()lk +a)” ()lm +a)

For each positive pair (a, b)iS negative.

Since  w/>w and  widewd, we  get
WD (77,) ~WD (77) < 0 OF WD (7,) -WD (") < 0 Which is
contrary to the optimality of™. The proof of theorem 1
is complete.

4.1 Single machine scheduling with a window due
date

In this case we have a window due date in plactef
due date distribution. Recently single machine dahe
ing with a due date window received attention ie th
literature (Baker and Scudder, 1990).

Let d; andd, be the lower due date and the upper due
date respectively, ang; the completion time of joh If
Ci<d,, jobi is regarded as an early job,Gf>d,, jobi is
regarded as a tardy job. Otherwise the job isme.tiLet

k =d,/d; so d,=kd;. In the problem above, we consider
the case with due date windod{:=D andd, =kD (k>1).
The objective function to minimize is :

ot =[S mal, 00}« mafo-G,, 9
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Applying the lemma and using the fact that job processing has to start from scratch when the m
E(kD)=kE(D), (5) can be written as : chine is back in operation, and the processing fisne
resampled from the same distribution as before.
} ( lji Let X! and X? be the occupation times of jolfi € N)
Wiy

on the machine (including the processing tipnand the

(s}

i=1
downtimes while johi is being processed) for the two

40 ] b Z": [ AT ] models mentioned above. Under the assumptions above

K
/I[k] +b/| a(b-a) i=1w'] A, +a because of the “memoryless” property of expondgtial

b(a 52" [

N i P distributed processing times, we obtain tixdt and X ?
1K1 . o .
b b Z /] +b/k] b— Z ( i /H”J (ieN) have. the same distribution (qu, 20_01).X.~ebe a
(a - T+ ab-a)iz ﬂ ta 8 random variable with the same distribution 3 and
X? (i € N). Then using a result of (Pinedo and Ram-

Similar to the proof of theorem 1, we have: mouz, 1988), we have (Assumiy is a exponentially
Corollary 1. The optimal sequences that minimize (5) distributed with rate):
areA-shaped in terms afi; (i € N).

n

a)ll
4.2 Machine subject to stochastic breakdowns E[X]= (1+ ,Bj /T.
Single machine stochastic scheduling models And
incorporating breakdowns and repairs were firstlisid
by Glazebrook (Glazebrook, 1984). Subsequently,yman 1
papers have investigated stochastic problems onE[e ™ ]= i
unreliable or repairable machines; see (Li and A +d+ad/(8+d)
Glazebrook, 1998) and (Lee and Lin, 2001).
In (Mittenthal and Raghavachari, 1993), the auttsbus We use these results to calculate (1) when theldteD
died a single machine model with Earliness/Tardines is a GED with parametea andb.
costs and breakdowns. They proved that a schedule OEQ - D‘) E[C[i]]+ E[D]- 2E[min{C[,], D}]
V-shaped is optimal if the sum of squared deviaion .
from a common due date is to be minimized, thelerea "M (2) we derive:
down process is Poisson and the repair times ae- in EQC. _ D‘)= 1+ 9 Z’: i_ 1.1
pendent and identically distributed. ( = a b
Later, Zhou and Cai (Zhou and Cai, 1997) examine a

stochastic scheduling model with n jobs and a singl Ak
machine, where the processing times of the jobsaare b(a b) Apg + b+ (ab/B +b)
dom variables with arbitrary distributions, and tma-

chine is subject to stochastic breakdowns. Theyweler Ak
conditions under which a sequence in non decreasing a(b a) L_l Ay +a+(aa/p+a)

stochastic order of processing times minimizestthal
expected cost, whereas a sequence in non decreasi
stochastic order of due dates minimizes the maximum
expected cost.

Here we consider the objective in (1) when the rimech WD (77) = 1+ 9 iw_
is subject to stochastic breakdowns. The procesthen B t

"Bhen (1) can be rewritten as

S )53

machine can be a sequence of non negative random ve . i 1 (6)
tors {U,,D,}", with U; representing thé" machine up- 428 > w, H K]
. " . b(a—b) S L Ay +b+(ab/B+D)
time andD; thei" downtime. We assume thf i}i“":l and
{Di}j"_lare independent, random variables in sequence + Zn:W A

- . . . a(b i H/]k+a+ (aa/B +a)
{U.}i _,are independent and exponentially distributed (k]

with ratea, random variables in sequen{:e} are in-

dependent and exponentially distributed with fate

To take into account breakdowns that occur whijeba

is being processed (Birge et al., 1990) we consdidéin

of resume and repeat models. In the resume mduel, t
breakdown merely acts as an interruption, i.e. jobein
process can be resumed without loss of prior wark a
soon as the machine is back in operation. In tpeae
model, all prior work on an interrupted job is lo#te

And Sis given by :
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(1+al(5+b)
~2abA A, |‘|4|] b(A +B)A, +BJA, +B|_|(/][i]+|3)
ST ab _ (1+a/(,8+a§
oo A0, A+ AT, +A
with

B:t{1+ a ] A:a(1+ “j
B+b B+a

To proof that S is negative we consider the fumctio

5%
B+x

e )
L+ X

Sincef is a decreasing function, theh(P) - f () s

a-b
positive and S is negative. Then, using the sarasore
ing as proof of theorem 1, we have the followingah
rem:

f(x) = ,X>0

X1

n
i=1

Theorem 2. The optimal schedules that minimize (6) are

A-shaped in terms afi/; (i € N).

5 THE A-SHAPED PROPERTY OF OPTIMAL
SCHEDULES FOR GED;

We will demonstrate as in section 4, that all prtipe
for the optimal schedules of problem describeckittion
2 holds when the common due date is a G®#ith three
parameters a, b and c.

The probability density function & is given by :

e—at .\ e—bt e—ct J

R (SR e
The cumulative distribution function of D is gives :
Fo()=1- (0,6 +a,e™ +a,e) t20
Where

bc ac ab

- - “(c-a)c-b)

% aob)a-o) " T boa)b-o) "
then :

E(c,, - p|)=E[c,, ]+ E[D]- 2E[min{c,,,. DJ]

e(ci, -o))=2 ( lE[e'aq]]+‘;zE[e‘bql]+;E[e-cq]]]

+E[c,,|-ElD]

and (1) becomes :
1 1 1 1)
WD(7) = Z%[Z F J ( . )ZV‘{H

g ) \@ CJiz
N 2aq, z

D Ay 20, [K]
a '-1\% [H/‘[MJ"'J Z I](ﬂ/][kl +b]
[K]
le [H A +CJ

Theorem 3. The optimal schedules that minimize (1)
whenD is a GER areA-shaped in terms afi/; (i € N).
Proof.

Under the same arguments of the proof of theorewel,
calculate the quantity S defined in equation (4) :

1

m-1

(a-b)a-c)(4 + a)(/‘j + a)(/]k + a)l_ll (/1[,] + a)

1
(b-2)o-c)a +), bl +) 4, )

1

S=K|+

+

m-1

(c-a)c-b)(A +c), +ckA, +o] Wy +)

With

m-1
K = —2/li/ljabc(l:|1 /l[k]j

To proof now that S is negative, its sufficientmof
that the quantity,, defined as :

H = 1 + 1

" a-ba-of] @) b-a)o-c)[]@+4)

+

1

(e-a)le-b)[] (4 +c)

is positive for all positive numbers a,big, A, ... An.
We suppose that a<b<c (note that S is symmetri; m
and c) and we define the functibas :

f(x)= ——— ! ,X>0,nON"
|_| (x+2,)
Then 7

_ f@ , f0) (O
" (a-bfa-c) (b-afb-c) (c-afc-b)

1 1
. m[f(a)—f<b>]+m[f<c>—f<b)]

H

f is continuous function on the closed intervaldhand
differentiable on the open interval ]a, b[, thearthexists
someq, in Ja, b[ such that :
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f (a) f (b)

Fa)=—_,

Similarly there exists som®in ]b,c[ such that :

f (C) f(b)

G

Hence

H, =2 [f(@) - T'(@)]

And since

£ = f(x) [Z

o X+ A

J é(m)

Then the derivative function déf f' is strictly increasing
for all x in [0,+co[ then :

F(a)-f'(@)>0

And H,is positive.
The proof of theorem 3 is complete.

5.1 Single machine scheduling with a window due
date

As described in section 4.8,=kd; (k>1) andd,;=D is a
GED; with parameters, bandc. therefore we can write
the expression in (5) as :

+& n W i /][k] +& n w i /][k]
b & l:l/}[k]+b' c g M, +e
With
a b c
alz—, blz—, C':—
k k k

And the expression in (4) becomes:

1

m1

(@a-b)a-c)A +a)a, +afA, +a|'l I

1

(b-a)b-c)a +b)A, +b)A, +bh1( i +b)

1

m-1
S= —/L/\Jabcu/l[k] +

+

m1

(c-a)c-b)A +c)A, +cka, +c|'l o+

1
(a-0)(a-c)(1, + a')(/1, + a')(/h +ta’ ijl( fi1 )

1

m-1

(=a)o-e)d, +b)t, + bW + )] [y +)

1

m-1
-AAa'b'c I:l Aug| +

+

m-1

(c-a")(c-b)(4, +¢) (/1 +c)(/l +c' rl(/lm+c')

S is the sum of two negative members (see protifesd-
rem 3), then S is negative and sinogli>w;4 and
Wike>Wid;,  we  get  wD(m)-WD(7')<0 or
WD (77,) -WD (77) < 0 Which is contrary to the optimality
of 7. Then we have the following corollary.

Corollary 2. The optimal sequences that minimize (7)
are/A-shaped in terms afi4; (i € N).

5.2 Machine subject to stochastic breakdowns

Suppose the machine is subject to breakdowns as de-
scribed in section 4.2, then the expression irbétpmes

Eﬂqﬂ-d%(“;J(:zMLJ B2
I S =
e

And

wn(n){ JZ%[Z J (2e22Bw

i=1 k=1 g abc
20, i Ay
+a§“‘](D4kl var aEVﬁ+aJ
[K]
ﬂ”[ﬂ A +b+ dcw+bj

20, < : Ay
+c§W{D4H +c+(ac B+

(8)
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Then S is equal to :

)
B+a

fa-bla-fa +Al4 +AA +A) i, +4

o 50
T oo %)(ﬁ;(m)ﬁ(%%)
]

(e-alle-5id - + A+ ATl +)

With

aedingie) Asfgs) Asde

As before we consider the following function:
ax

X+ f J

and we use the mean value theorenf tmproof that S
is negative.

a
B+c

s
X+ B
ﬁ(x+/li+

f(x) =

, x>0

Theorem 4. The optimal schedules that minimize (8) are
A-shaped in terms afi4; (i € N).

6 STUDY OF THE A-SHAPED PROPERTY
UNDER THE ASSUMPTION THAT THE DUE
DATE ISA GED,

In this partical case, we will show by an examplehe
contrary that the optimal schedules that minimikeatre
not necessarf-shaped in terms afi/;.

Assume that the due date is a generalized Erlastg-di
bution with four stages and with parametarb, ¢ andd.
then the probability density function of D is givewn:

fo(t) =ke ™ +ke™ +ke ™ +k,e™

where :
_ —abcd _ —abcd
‘= a-ba-da-d) " b-a)b-cjp-d)
—abcd —abcd

- afe-b)e-a) N7

(d-a)(d-b)d-a)

and its cumulative distribution function is given b

Ky g 4 Ko ooty Ka gt
b c d

Using the lemma 1 we get :

e
Uj )Ilk][k] J
{L_l A[k][k] J

Fo(t) =1~ (kl e +-2
a

chm - D|)= {ZI: ﬁ

k=1

[L_l )'m[k] J
(l—l /]lkl[k] ] d24

then (1) becomes :

L1 1.1 1
— Z+=+= W,
k=1 /][k]j (a b CJZ !

A, ta = )I[k] +b
i /][k] J 2k24 ivv[ll( i A[k] j
d Ay tc) d°f A Ay +d

Therefore we derive from (4)

WD(m) = iwm(

2K, &
+=—1> w,
az ; [](
2K, &
+C_232W[i](
i=1

1
(a-bla-cla-a)h +all, +alh, + ) T4, +a

1

(b-a)o-c)o-a)a +b)i4, +b) +b)[ (4, +b)

1=1

1
m1

(c-allc-b)lc-a) +c)la, +c)A +olf] (s +0)

+

1
(d-a)d -b)(d-c)(4 +d)(A, +d) +dr|n'j

+

i m-1
with | = -24,1,abcd [ 4
The optimality of theA-shape schedules will be proved
if the following quantity is positive for all reglositive
numbers a, b, c, dg, Ay, ... A

[i]
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