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ABSTRACT: Supply chain design problems can be analyzed as cooperative linear production games. The maximal 
total payoff and the optimal coalition of a “market responsive” supply network can be obtained from the solution of the 
mixed-variables Linear Programming problem. Then, using duality theory, the “Owen set” can be constructed in order 
to allocate the payoff among the members of the optimal coalition. However, it is shown that for a classical aggregate 
planning model, such an allocation scheme may be unfair and its stability critical. Two techniques are proposed to 
correct this defect. The first one consists in introducing transfer payments among the players of the optimal coalition. 
Then, as this technique is not always feasible, a second technique is proposed. It relies on an improved representation 
of capacitated resources through clearing functions. It is shown that a better payoff allocation mechanism can then be 
computed through an appropriate tuning of clearing functions. 
 
KEYWORDS: Supply networks, Game theory, Manufacturing systems, Linear production games, Duality 
 

1 INTRODUCTION 

The concept of a supply chain concentrates some major 
features of business organization in today’s Society. 
Typically, it represents a network of autonomous pro-
duction units connected through a communication net-
work carrying manufacturing proposals, products orders 
and delivery protocols.  

Classically, three main stages can be distinguished in the 
study of a supply chain: 

• the design stage, in which products and partners are 
selected to maximize the potential economic effi-
ciency of the coalition of suppliers, producers and 
retailers, through professional complementarities 
and business synergy, 

• the negotiation stage, in which partners elaborate 
contracts defining their commitments and terms of 
trade 

• the operational stage which organizes in real-time 
the coordination and control of product flows and 
manufacturing tasks. 

These stages differ by their decisional level: strategic, 
tactic and operational, with their associated time scales, 
as in classical hierarchical production planning systems 
(Bitran and Hax, 1977). However, the distributed and 
hierarchical nature of supply chains modifies the type of 
models to be used at each stage. Also, decisions taken at 
upper decisional levels (respectively strategic, tactic) can 
only serve as frameworks and guidelines for lower deci-
sional levels (respectively tactic, operational). 

In the design and negotiation stages, complexity pro-
ceeds from two main reasons:   

• existence of many possible enterprise coalitions and 
distribution patterns for tasks and rewards, 

• association of partners with different and often con-
flicting objectives. 

Such characteristics are of major concern in game the-
ory, under the classical decomposition into cooperative 
(or coalitional) and non-cooperative games.  

In the light of cooperative game theory, a supply chain 
can be modelled as a coalition of partners pooling their 
resources and sharing the same utility function (profit). 
In this framework, utilities are transferable and the sup-
ply chain construction can be analysed as a TU (Trans-
ferable Utility)-game. Such a model may not be fully 
realistic in the sense that it does not capture subjective 
preferences and autonomy of supply chain partners. 
However, it can be seen as a valuable limit model to de-
termine the maximal value of the chain and the shares of 
the global profit objectively acceptable by all the part-
ners. In practice, such shares could then be negotiated 
and implemented through contracts. The works of Ca-
chon and Netessine (2004) and Nagarajan and Sošić 
(2008) provide convincing interpretations of supply 
chain design problems as cooperative games. In this 
study, the problem of supply network optimal design is 
obtained from the solution of a linear production game 
(Shapley and Shubik 1972, Owen 1975). A practical 
advantage of this model is that it evaluates and compares 
different possible coalitions and can be used as an argu-
ment in the supply chain design stage, to convince the 
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partners to be part of the best possible coalition and to 
set up a joint venture. 

Section 2 introduces some basic results on cooperative 
games. Section 3 models a supply chain design problem 
as a cooperative linear production game and proposes an 
optimal allocation scheme with an illustrative example. 
Section 4 proposes improving the payoff policy through 
side payments. A condition is given under which all the 
members of the winning coalition obtain a positive 
profit. However, as this property cannot always be 
achieved, another method is proposed in section 5, to 
introduce fairness in the payoff policy through reformu-
lation of resource capacity constraints as clearing func-
tions. Some practical conclusions are drawn in section 6. 

2 THE LINEAR PRODUCTION GAME 

A TU cooperative (or coalitional) game in the sense of 
Von Neumann and Morgenstern (1944) can be character-
ized by: 

• A finite set of players { }N,...,1=N  
• A value function (or characteristic func-

tion) 0)( ≥Sv , with )(SS P∈ .  
The set )(SP  is the set of all the subsets of N . The 
value )(Sv  is the maximal utility (or payoff) that can be 
obtained by the players of coalition S without any help 
from players that belong to N but not to S noted S\N   . 
By definition, v(∅)=0. If coalition S , N⊆S  is se-
lected, then each player Si∈  receives a share 0)( ≥Svi  
such that: )()( SvSv

Si
i =∑

∈
.  

A TU-game is noted v)(N, . It raises two basic prob-
lems: 

• Global utility maximization: determination of the 
maximal value function, *v , and of the coalitions 
S  for which this value is obtained. Two particular 
coalitions achieving *)( vSv =  are considered: the 
so-called "grand coalition, N , and a coalition (not 
necessarily unique) with minimal cardinality, 
S*satisfying **)( vSv = . 

• Assignment problem: determination of the endow-
ments of the agents by distributing the global payoff 
among them.  

As in (Osborne and Rubinstein 1994), an S-feasible pay-
off profile is defined as a vector Sii ∈)(ρ  such 
that )(Sv

Si
i =∑

∈
ρ , and a feasible payoff profile as a vec-

tor N∈iiu )(  such that )(N
N

vu
i

i =∑
∈

. 

Considering a feasible payoff profile Niiu ∈)( , we define 
for any coalition S , ∑

∈
=

Si
iuSu )( . 

An allocation rule should satisfy certain properties. 
Some particular sets have been defined to characterize 
efficiency and stability of coalitions. One of the most 
remarkable sets is the core of the game, as defined by 
Gillies (1959).  

Definition 1 Core 

The core of a TU-game v)(N,   is the set of feasible payoff 
profiles Niiu ∈)(  that satisfies the following proprieties: 

1. Efficiency:  
 

)(N
N

vu
i

i =∑
∈

            (1) 

2. Rationality:  

     )()( SuSv ≤  for every coalition S.       (2) 
 

An interesting index to characterize the value of a subset 
N⊆S  is its marginal contribution, denoted )(S∆ and 

defined as follows: 

)\()()( SvvS NN −=∆                  (3) 

Property 1 

An allocation that lies in the core satisfies the marginal 
contribution principle:  

)()( SSu ∆≤  for every coalition S.               (4) 

The proof of this property is straightforward: a feasible 
payoff profile Niiu ∈)(  that lies in the core satisfies 

)\()\( SvSu NN ≥  for every coalition S. Then, 
from )\()()\()()( SuvSuuSu NNNN −=−= , one 
derives )\()()( SvvSu NN −≤ . 

   
Hence, the core consists of all allocations of 

( )v N among the players such that for each coalition it 
holds that its players together already get at least as 
much as they can guarantee themselves by splitting off. 
From the individual viewpoint, {})( i∆ can be regarded as 
the maximal payoff that player i can expect to gain in the 
game in the sense that if this player claims more, then it 
is advantageous for the other players belonging to 

{}i\N  to exclude him from the grand coalition N  and 
divide the value {})\ iv(N  among themselves. 

Another index of interest is a coalition-marginal contri-
bution defined as follows: 

Definition 2 Coalition-marginal contribution  

{} {})\ ii v(Sv(S))(S −=∆  with Si∈ .              (5) 
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The most critical situation for a player in a coalition is 
when he is a null payoff player (NPP), defined as fol-
lows. 

 

Definition 3  Null Payoff  Player (NPP) 

A NPP of a coalition S is a player Si∈ such that 
0)( =Svi . 

The following property derives from the definitions 
above. 

 Property 2 

If coalition S has minimal cardinality and Si∈ is an 
NPP, then {})(S iSvi ∆<= )(0 . 

Clearly, the reverse condition, {} 0=∆ )(S i would con-
tradict minimality of coalition S. 

The possible existence of an NPP in a coalition with 
minimal cardinality can be used to characterize unfair 
allocation rules. It is important to note that conditions 

{} 0>∆ )(S i  and {} 0)( =∆ i  may be jointly satisfied and 
that the fact for an allocation of belonging to the core 
does not imply fairness. 

3 THE SUPPLY CHAIN DESIGN PROBLEM 

3.1 Problem presentation  

In many practical situations, a supply chain can be 
viewed as a multistage production system in which the 
different production stages are performed by different 
enterprises. Requirements planning models (Baker 1993) 
can then be used to define and distribute responsibilities 
and manufacturing orders among the partners. In this 
view, the product structure supports the enterprise net-
work organization, especially under an extended view of 
the BOM (Bill of Materials), such as the G-BOM (Ge-
neric BOM, (Lamothe et al., 2005)), integrating product 
families rather than simple products, to represent the 
context of mass customization. Additionally, multistage 
production by several producers highly differs from mul-
tistage production by a single producer because of the 
need for negotiation, contracts and higher coordination 
requirements. It also carries new possibilities in the de-
sign stage for selecting partners, sharing resources and 
rewards. These possibilities precisely constitute the main 
ingredients of linear production games (Shapley and 
Shubik 1972, Owen 1975).  

Consider a set of final products (or families of products) 
{ }gi ,,1∈ . Typically, the gozinto graph describes the 

product structure and has no cycle. It can then be de-
composed into levels : level 0 products are the g final 

products. Then, intermediate and primary products are 
numbered in the increasing order of their level. The level 
of product i, for i=g+1,...,n is the maximal number of 
stages  to transform product i into a final product. Each 
production stage is supposed to have several input prod-
ucts but only one output product.  The BOM technical 
matrix G, is defined as follows: according to a given 
manufacturing recipe, production of one unit of product i 
requires the  combination of components { }nj ,,1∈  in 
quantities jiG . It can be noted that under a level-
consistent ordering of products, matrix G has a simple 
lower triangular structure (Hennet 2003).  

There are N enterprises who candidate to be part of the 
supply chain to be created. Each candidate enterprise is 
characterized by its production resources: manufacturing 
plants, machines, work teams, robots, pallets, storage 
areas.  

Let )(( ikxx =  be the matrix of the quantities of product i 
produced (or obtained by exchange) at firm k and 

T
nyyy ),,( 1 =  be the output vector during a reference 

period. The components of this matrix and vector are the 
variables of the design problem. For simplicity, quanti-
ties per period (or throughputs) are supposed continuous: 

nNn yx +
×
+ ℜ∈ℜ∈  , . The problem can be formulated in 

terms of the global throughput vector, denoted ω  and 
related to matrix x through the elementary summation 
relation (6): 

1x=ω , 1  being the unit vector of dimension N.      (6) 

The output throughput vector can be computed from the 
global throughput vector by the following relation: 

ω)( GIy −= ,              (7) 

with I  the nn×  identity matrix.  

From the structure of matrix G, matrix )( GI −  is regular 

and matrix 1)( −−GI  is lower triangular (with 1s on the 
diagonal) and nonnegative. Then the global throughput 
vector is nonnegative and expressed as follows: 

yGI 1)( −−=ω .              (8) 

As in (Van Gellekom et al. 2000), a coalition S is de-
fined as a subset of the set N  of N enterprises with 
characteristic vector { }N

Se 1,0∈   such that: 

   if     0)(
   if     1)(

Sje
Sje

jS

jS

∉=
∈=

            (9) 

For the R  types of resources considered (r=1,…,R), ca-
pacity constraints of coalition S are written: 

∑∑
∈=

≤
Sj

rj

n

i
iri cm

1
ω            (10) 



MOSIM’10 - May 10-12, 2010 - Hammamet - Tunisia 

where rjc  is the amount of resource r available for enter-

prise j, NR
rjcC ×ℜ∈= ))((  , rim  is the amount of re-

source r necessary to produce 1 unit of product i, 
nR

rimM ×ℜ∈= ))(( . 

Assume that a payoff 0>ip  is obtained from the sale of 
one unit of final product i (i=1,…,g), and define the unit 
price vector T

nppp ],,[ 1 =   

3.2 The Value chain 

Let T
R ),,( 1 χχχ = be the vector of unit costs for 

resources. The unit cost for product i, iγ , is assumed to 
be the same for all the firms possessing the required re-
sources. It is determined by the cost resource require-
ment for producing one unit of product i: 

∑
=

=
R

r
riri m

1
χγ .                 (11) 

Let T
n ),,( 1 γγγ =  be the vector of unit production 

costs for the products. The set of relations (11) for all the 
products can be written in vector form: 

χγ TM= .                  (12) 

Prices may be partly or totally exogenous. Let 
T

nppp )( 1=  be the vector of market prices for the 
final products.  

A necessary and sufficient condition for the global prof-
itability of the supply chain is: 

0≥− ωγ TT yp ,                 (13) 

or, using relation (8), 

0])([ 1 ≥−− − yGIp TT γ .               (14) 

The prices of final products can be supposed fixed and 
exogenous. The global profitability condition (14) can be 
considered sufficient for the supply chain to be viable.  

More restrictive conditions will now be established to 
allow for a total decomposability of the multistage 
manufacturing process. It is now assumed that the prices 
of intermediate products are negotiated in the network so 
that each manufacturing stage is profitable. Under this 
more restrictive requirement, the following inequality 
should be verified for any product i:  

∑
=

+≥
n

j
jijii pGp

1
γ

.
                (15) 

Let T
n ),,( 1 πππ =  be the vector of unit profits for 

products. The unit profit iπ associated with product i is: 

∑
=

−−=
n

j
jijiii pGp

1
γπ

.
               (16) 

Condition (15) corresponds to the profitability conditions 
{ }nii ,,10 ∈∀≥π  that characterize the value chain. 

These conditions can be gathered into the following con-
dition in vector form: 

0)( ≥−−= γπ pGI .                             (17) 

Condition (17) may appear unnecessarily restrictive. 
However, it can be used to fix the transfer prices be-
tween products in the network so that each manufactur-
ing stage is intrinsically profitable. 

{ }  1,0   ,  

)(   subject to

   Maximize

1
1

N
S

n
S

n

i
ii

ey

CeyGIM

yv

∈ℜ∈

≤−

=

+

−
=
∑π

               (P) 

 

In problem (P), vector Se  is a vector of binary variables.  

Problem ( SP ) relates to a particular coalition NS ⊆ . 
It is defined by the same constraints as (P), but for bi-
nary vector Se  given.  

The optimal total payoff for coalition S is denoted v(S). 
The TU-game v)(N,  defined in this section is a Linear 
Production game and denoted LPG.  

3.3 Global profit maximization  

The maximal total payoff, *v , is obtained from the solu-
tion of the mixed variables’ Linear Programming prob-
lem (P): 

{ }  1,0   ,  

)(   subject to

,)(   Maximize

1

N

1i

Nn

ii
T

ey

QeyGIM

yyMpGIv

∈ℜ∈

≤−

>=−−=<

+

−
=
∑πχ

               

(P) 

 
with the cardinality of the coalition as the complemen-
tary objective to be minimized: 
 

∑
=

=
N

j
jes

1
)( .                  (18) 

In problem (P), vector e  is a vector of binary variables. 
By definition, problem ( SP ) relates to a particular coali-
tion NS ⊆ . It is defined by the same constraints as (P), 
but with the vector of variables e  replaced by the 
known vector Se  given by (9):  
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   if     0)(
   if     1)(

Sje
Sje

jS

jS
∉=
∈=

.  

.  

)(   subject to

   Maximize

1
1i

n
S

i
n

iS

y

QeyGIM

yv

+

−
=

ℜ∈

≤−

=∑π

                    (PS) 

The TU-game v)(N,  defined in this section is an LPG 
as defined in Owen (1975).  It is an N-persons game in 
which the value )(Sv  of a coalition S  is obtained as 
the solution of an LP problem, (PS), defined by the non-

negative production matrix 1)( −−GIM , the nonnega-
tive resource matrix Q  and the nonnegative unit profit 
vector π . 
 
Several properties can be derived from this definition. In 
particular, it is super-additive: )()()( TSvTvSv ∪≥+  
for all disjoint coalitions S  and T , and it has a non-
empty core (Owen, 1975).  Superadditivity implies, in 
particular, that if *S  is an optimal coalition, then 

*)( vSv = for any coalition S  such that SS ⊆* . In par-

ticular, the  maximal total payoff, *v can simply be ob-
tained for the grand coalition, N , by solving problem  

NP , which is a standard Linear Program with continu-
ous variables. 
 
The secondary objective can be solved together with the 
global profit maximization problem by adding a ‘small’ 

term ∑
=

−
N

j
jSe

1
))((ε  with 0 <ε <<1 to v in the objective 

function of (P). The modified problem, (P'), is formu-
lated as follows: 
 

{ }  1,0   ,  

)(   subject to

)(   Maximize

1
1 1

Nn
S

n

i

N

j
jii

ey

QeyGIM

ey

∈ℜ∈

≤−

−=

+

−

= =
∑ ∑επϕ

.

                    (P') 

The term ∑
=

−
N

j
je

1
))((ε  is said to be ‘small enough’ if the 

optimal solutions of (P) and (P’) are identical with re-
spect to the optimal vector *y . This property can obvi-
ously be achieved for any value of ε  smaller than a 
threshold value .00 >ε  The optimal coalition of lowest 
cardinality S* is then obtained by resolution of problem 
(P'): 

{ }{ }.1*,,,1;* =∈= jeNjjS   

This coalition is supposed not empty. Accordingly, the 
maximal value function of the TU-game, *v , previously 
computed for the grand coalition N , is exactly rein-

stated from the solution of (P’) by: ∑
=

+=
N

j
jev

1
*)(** εϕ . 

3.4 The purely competitive payoff policy 

Numerical resolution of problem ( NP ) solves the global 
utility maximization problem presented in section 3.3 : it 
defines the maximal total payoff, v*, and an optimal out-
put vector y*.  

Then, the optimal coalition of the lowest cardinality S* is 
obtained by resolution of problem (P'). The optimal 
value of the criterion * Sv  for problem ( * SP ) satisfies: 

* *
* vvS =  and also **

* NvvS =  since coalition S* is opti-
mal and ( NP ) is a relaxation of ( * SP ). 

To allocate payoffs among coalition partners, consider 
the dual of ( SP ), denoted ( SD ). 

  

)(   subject to

)(   Minimize

1

1

RT
R

TT

R

r
rrS

 ),z,(zz

zMGI

zSqw

+

−
=

ℜ∈=

≥−

= ∑



π           ( SD ) 

The coefficient of variable rz  in the objective function 
is the quantity of resource r available for production if 
coalition S is selected: 

∑∑
∈=

==
Sj

rj
N

j
rjjSr cceSq

1
)()( .              (19) 

It can be noted that the set of constraints of ( SD ) is the 
same for any coalition S. And since the optimal dual 
variables )(* Szr  can be interpreted as shadow prices for 
resources, they determine a vector of payoffs, the so-
called “Owen set” for this TU-game, which is optimal in 
the context of a purely competitive economy (Van 
Gellekom et al. 2000). Consider the optimal solution (S*, 
y*) of problem (P). The Owen set, which is here the 
purely competitive payoff profile *)(* Suu = , is ob-
tained from the solution (wS*, z*(S*)) of  ( * SD ) by: 

{ } ** * zCeDiagu T
S=                 (20) 

where for any vector V, )(VDiag  is classically defined 
as the square matrix with the components of vector V  
on its diagonal and 0s off-diagonal. 

Equivalently to (20),  
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






∉=

∈= ∑
=

*  if  0*

*  if  **
1

Sju

Sjzcu

j

r

R

r
rjj .               (21) 

It is clear that the payoff of each player equals the value 
of his resource bundle under the shadow price. More-
over, it has been shown in (Owen, 1975) that this vector 
of payoffs forms a subset of the core in this production 
game.  

Property 3 

The feasible payoff profile Niiu ∈)( *  defined by relations 
(13) belongs to the core of the Linear Production Game. 

However, it will be shown that the Owen set assignment 
has some drawbacks, in particular a lack of fairness that 
may induce a corresponding lack of stability against ob-
jections to coalition S*. 

 
3.5 Shortcomings of Owen set as a game-theoretical 

solution rule 

The solution rule proposed by (Owen 1975) and called 
the Owen set, belongs to the core of the Linear Produc-
tion Game. It is known that the core is a subset of every 
stable set. So is the Owen set, which is a subset of the 
core. However, the core is not necessarily a stable set, 
and even when it is a stable set, this does not imply sta-
bility of the Owen set. In addition to its possible lack of 
coalitional stability, the Owen set defined by (21) can 
also be seen in some cases as an unfair allocation rule, as 
defined in section 2, by not rewarding some resources 
used in the production process.  

These drawbacks mainly arise from the fact that re-
sources in excess at the optimal solution have null 
shadow prices. Therefore, the owners of such resources 
are not paid for providing them and their incentive to 
stay in the coalition can only rely on the rewards from 
the critical resources which they own, if they own any. 
Thus, the commitment of a partner only possessing re-
sources which are marginally in excess, may be unstable. 
He is a Null Payoff Player (NPP): his imputation is null 
although part of his resources contribute to the global 
value function. These shortcomings are illustrated by the 
following example. 

3.6 Example 

Consider the BOM of the example in (Hennet 03) with 
two final products (1 and 2), three intermediate products 
(3,4,5), the unit profit vector T]0  0  0  25  22[=π  . Four 
resources are necessary for the five products at the dif-
ferent manufacturing stages, with the following require-
ment matrix M and technical matrix G: 



















=

11122
21100
01100
00011

M ,  























=

00221
00300
00022
00000
00000

G . 

Ten enterprises are candidate for partnership in the sup-
ply chain. The amounts of the four resources owned by 
the ten enterprises are represented in the following ma-
trix: 

 



















=

1501530510502010
02015051051500

1500001051500
010001005152010

C .  

The optimal total payoff and optimal coalition are ob-
tained from the solution of the LP (P) (with the addi-
tional term to obtain a coalition of lowest cardinality). 
The maximal total payoff is 5.87* =v , obtained for 

T] 0   0   0   3.5   0[* =y  . It is obtained by the minimal 
coalition { }9876543* =S  and also, indeed, 
by any coalition containing S*.  

The associated purely competitive payoff profile (Owen 
set) is obtained by formula (21) for 

]025.100[* =z : 

25]   18.75   0   6.25   12.5   6.25   18.75[*)(* == Suu . 

In this solution, the endowment of partner 7 is null, be-
cause if partner 7 is in the coalition, resource 4 is in ex-
cess and its shadow price falls to 0. Yet, partner 7 is im-
portant to the coalition since for coalition { }7*−S , the 
total payoff drops down to 54.68! Its individual marginal 
contribution in S* is: 

{ } { } 82.32)7\*(*)()7(* =−=∆ SS vvS  

The property of not assigning any payoff to the players 
with resources in excess is inherent in the "Owen set" 
since this solution rule derives from the duality principle 
in Linear Programming. In duality theory, a shadow 
price indicates the value of one additional unit of the 
resource associated with the corresponding primal con-
straint. Thus if a dual variable is equal to zero (zr* = 0), 
this means that the addition of one unit of resource r has 
no effect on the optimal objective function. Hence the 
allocations based on the values of optimal dual variables 
exhibit this property: the players with scarce resources 
share the total worth of the coalition among them, and 
the players with excess resources get a null payoff. In 
light of these shortcomings, the Owen set allocation rule 
may become unfair and critically unstable because the 
players with excess resources are indifferent between 
participating or not.  
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4 IMPROVING PAYOFF FUNCTIONS WITH 
TRANSFER PAYMENTS 

4.1 Trying to combine fairness with rationality 

Due to the criticisms directed at the Owen set as a com-
petitive solution, other practical allocation schemes will 
be explored to ensure that the maximal payoff is fairly 
allocated to the players of the LPG game. So, the objec-
tive is to find an allocation that is fair and belongs to the 
core of the LPG. These requirements can be formulated 
by the following set of constraints: 

 

*
1

vx
n

i
i =∑

=
 ;                 (22) 

N⊂∀≥∑
∈

SSvx
Sj

j )(                (23) 

*0 S⊂∀> jx j .                (24) 
 
As shown in the previous example, the optimal payoff 
may strongly decrease if a player who only owns re-
sources that are globally in excess decides not to partici-
pate in the cooperative game. This is why condition (24), 
denoted ‘fairness property’, has been added to core re-
quirements (22) and (23); it provides a positive gain to 
every partner of the optimal coalition. However, the ex-
istence of solutions to the set of conditions (22), (23) and 
(24) is not guaranteed in general. The purpose of this 
section is precisely to characterize the cases when such 
solutions exist. 
 
By construction, the core of an LPG is not empty if prob-
lem ( NP ) has a finite optimal solution that is strictly 

positive, 0)( >Nv . This is clear from the fact that an 
Owen solution exists whenever the dual problem ( ND ) , 
or equivalently ( *SD ), has a solution. Then, in order to 
explore whether the core of the game contains solutions 
that also satisfy (24), the following set of imputations 
can be constructed. 
 
The purely competitive payoff profile *)(* Suu =  has 
been defined by (21). The set N  can be decomposed 
into three disjoint subsets, as follows: 

 *** 210 SSSN ∪∪=           (25) 
 
with, { }0 and *;* >∈= *uSii i1S ,  *SNS2 −=* . 
 
The cardinals of these sets are respectively denoted 

**,*, 210 sss  with, by assumption,  1*,1* ≥≥ 10 ss . 
This corresponds to the case when the total payoff is 
strictly positive and some of the players in the optimal 
coalition are NPP: their Owen allocation is null.  
A new set of imputations, denoted w , is defined as fol-
lows: 






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iuw
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,               (26) 

 
With 0≥α , 0≥β  , ** 10 ss βα = .      (27) 
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)( 1Scard=1s                   (28) 

 *min
*

i
i

u
1S∈

<β                  (29) 

 
Theorem 1 
A set of imputations w  that satisfies conditions (26)-
(29) belongs to the core of the LPG. Furthermore, there 
exist strictly positive values of β  that satisfy (28)-(29) 
and define fair imputations if and only if 

0*)(*
**

*min
1

2~ >












∪−

−
= ∑

∈⊂ Sj
j

S
SSvu

1001

0

S ssss
sβ  with 

*~ S⊂S  and 0** 01 >− 10 ss ss . 
 
The proof of this theorem can be found in (J-C. Hennet 
and S. Mahjoub, 2009b). 
 
4.2 Example 

In the example of section 2.5, the optimal coalition is 
{ }9876543* =S  and the grand coalition N  

can be partitioned as follows: *** 210 SSSN ∪∪=  
with { }7=0S , { }9,8,6,5,4,3=1S  and { }10,2,1=2S . The 

total number of coalitions in N is 10231210 =− . How-
ever, using theorem 1, only 63126 =−  coalitions have 
to be tested to determine the value of β . In this exam-
ple, 6*,1* == 10 ss  and condition 0** 01 >− 10 ss ss  
requires 00 =s . Then, the possible values of 1s  

( 1s =1,…,6) generate the 126 −  sets for which condition 

(27) has to be tested. The minimal bound, 25.1=β  is 
obtained for the set { }10,8,6,2,1* =S  and since 

i
Si

u
1

min
∈

>β , the value β  defines the following imputa-

tion which belongs to the core and satisfies the condition 
of fairness: 

0]  22.50   10  7.50   15    7.50    11.25    13.75  0  0[=w . 
The proposed technique has actually constructed the set 
of core allocations )(βw  defined by parameter β  in the 
interval [ ]25.10  and such that: 
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For 0>β , the solution )(βw  belongs to the core and 
has the property of fairness. The feasible interval for 
β can be used as a negotiation space by the players of 
the optimal coalition.  

 
4.3 Discussion 

The situation described in the numerical example has 
only 10 players with resource capacities that are not 
oversized.  It has been shown that, in this particular case, 
the core is not reduced to a single point and it is possible 
to construct imputations that are both fair and rational.  
 
In contrast to this situation, numerical experiments show 
that the core of an LPG game is often reduced to a single 
point, which is precisely the Owen competitive alloca-
tion. This result is not surprising if one realizes that in an 
open market in which many players have similar abilities 
and equipment, the core of an LPG tends toward a single 
point that characterizes the perfectly competitive situa-
tion.  Convergence of the core to the Owen set of an 
LPG has been shown and characterized by Owen (1975) 
and Semet and Zamel (1984) for games in which players 
are replicated when the number of replications tends to 
infinity. In a broader context, a well-known result is that, 
for large numbers of players, the core of the game tends 
to be the set of competitive allocations (Aumann, 1964). 
 
However, the current industrial and commercial practices 
show that many techniques can be used to avoid the per-
fectly competitive situation and maintain good profit 
margins. Our study has provided some clues for achiev-
ing these goals by identifying the key property that gen-
erates positive profits: ownership or production of assets 
that are not available elsewhere. For a company, it can 
be at this stage of the strategic reasoning that the need of 
technical progress and innovation comes into play. 

5 AN IMPROVED LINEAR PRODUCTION 
FORMULATION  

5.1 Introduction of clearing functions 

With respect to the Linear Production Game, the main 
improvement which appears necessary is to better repre-
sent resource capacity constraints. It is a well-established 
property, known as Little’s law in queuing theory, that 
lead times increase proportionally to WIP (Work In 
Process). And it is also well established that WIP gener-
ates holding costs and should be kept as small as possi-
ble. Then, as shown in (Asmundsson et al., 2002), the 
throughput of a resource should actually be represented 
as a non linear concave function of its desired through-
put, called a clearing function. It can be approximated by 
a set of linear constraints.  

 

 

 

 

 

   

                                                         Desired throughput 

 

Figure1: A simple piecewise linear clearing function 

The simplest type of piecewise linear clearing functions 
is represented on Fig. 1.  

To preserve the sharing of resources, which is a key per-
formance advantage of coalitions with respect to indi-
vidual firms, clearing functions are applied globally to 
each aggregated resource of types r, { }Rr ,1∈ . For any 
coalition S, the available quantity of resource r has been 
defined in (11) and denoted )(Sqr . Capacity parameters 

)(1 Sqr  and )(2 Sqr  are defined as linear functions of 
)(Sqr : 







=
=

)()(
)()(

22

11

SqSq
SqSq

rrr

rrr
α
α  with 21 10 rr αα <<< .     (30) 

As in the initial model, let iω be the actual throughput 

of product i and let iy  be the throughput of end product 
i, that is the actual production of product i during the 
reference period. Let iξ  denote the desired throughput 
for product i. Desired throughputs can be restated as de-
sired productions during the reference period. In the 
model, quantity )( ii ωξ −  plays the role of WIP for 
product i, with associated unit penalty cost ih . The 
modified linear production problem takes the following 
form. 

 

 

 

 

 

 

 

 

The maximal global payoff, v* and the optimal coalition, 
S*, are obtained as the solution of the mixed linear pro-
gramming problem, (Q). Then, problem ( *SQ ) is derived 
from problem (Q) by replacing the vector of binary vari-
ables { }N

Se 1,0∈ by the characteristic vector of S*, 
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{ }N
Se 1,0* ∈ . Problem ( *SQ ) is a standard LP problem 

in continuous variables nn y ++ ℜ∈ℜ∈ ,ξ , achieving 
maximal criterion value v*. The Owen set related to the 
Linear Production Game defined by problem (Q) can 
then be obtained from the solution of the dual of 
( *SQ ),noted ( *S∆ ) and formulated as: 
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The new purely competitive payoff profile *)(* Suu = , 

is obtained from the solution ( ****
* ,,, ηζϕSΨ ) of  

( * S∆ ) by: 

{ } ( )*
1

*
** ης ACeDiagu T

S +=         (31) 

It is interesting to note that criterion *SΨ  is a sum of 
nonnegative terms related to resources. And thus, the 
payoff profile (31) is efficient in the sense of Definition 
1. In fact, this payoff profile is the Owen set associated 
with the modified Linear Production Game defined by 
problem (Q). 

Shaping the Owen set of the modified linear production 
game can then be used for providing a positive payoff to 
the NPPs of the original LPG. 

5.2 Example 

For simplicity, we select the numerical values 
{ }
{ }





∈∀=
∈∀=

Rr
Rr

r

r

,125.3
,125.0

2

1

α
α . Then, we obtain 

IAA 25.01 == , where I is the identity matrix of dimen-
sion NN × . Vector p has the same value as previously, 
and the unit holding cost vector is: 

Th ]0.01  0.01  0.01  0.01  [0.01= . Again, the optimal 

solution is characterized by T] 0   0   0   3.5   0[* =y , 
{ }9876543* =S , and the optimal value of 

the new criterion is: 975.85* =v . The dual solution, 
975.85* *

* ==Ψ vS  is obtained for  

]022.100[* =ζ , ]0000[* =ϕ , 

]02.001.001.00[* =η  and the optimal payoff pro-
file is computed by formula (31):  

24.45].   18.4125   0.15   6.1375   12.3   6.15   18,375[*)( =Su
The use of the nonlinear clearing function has improved 

the stability of coalition S* by rewarding each player in 
the optimal coalition with a strictly positive endowment. 

6 CONCLUSIONS  

In this study, we have analyzed the problem of supply 
chain design through cooperative game approach. For 
this purpose, a supply chain has been modelled as a coa-
lition of partners pooling their resources and sharing the 
same payoff function. Due to the problem formulation in 
the form of a linear production game, linear program-
ming has been used to generate the maximal profit and 
the optimal coalition. In addition, we have characterized 
the “Owen set” allocation method and shown that it may 
become unfair and cause the coalition stability to be in-
sufficiently robust. This behaviour directly derives from 
the use of linear programming duality theory to deter-
mine the payoff of each player. According to this 
method, each partner receives a profit that equals the 
value of his resource bundle under the shadow price. In 
order to ensure that the total payoff is better shared by all 
the coalition partners, we have proposed two techniques. 
The first one explores the core of the game to construct a 
fair solution. But the core is often reduced to the com-
petitive allocation payoff. This is why an alternative 
technique has been proposed. It consists in modifying 
the formulation of the production game by introducing 
piecewise linear clearing functions to better represent 
resource capacity constraints. By appropriately tuning 
the clearing function parameters, the coalition stability 
has been improved through insuring that all the coalition 
partners receive a strictly positive imputation.  

 
REFERENCES 
 
Arda, Y., Hennet, J.C., 2006, Inventory control in a 

multi-supplier system. International Journal of Pro-
duction Economics, 104 (2), 249–259.  

Asmundsson, J.M., Rardin, R.L. and Uzsoy, R. (2003) 
Tractable nonlinear capacity models for production 
planning, Research Report, Purdue University. 

Baker, K.R. (1993) Requirements planning, Handbooks 
in Operations Research and Management Science, 
vol. 4, S.C. Graves, A.H.G. Rinnooy Kan, P.H. 
Zipkin Eds, pp. 571-628,.North-Holland, Amster-
dam. 

Cachon, G.P., and Netessine, S. (2004). Game theory in 
Supply Chain analysis. in Handbook of Quantitative 
Supply Chain Analysis: Modeling in the eBusiness 
Era. edited by David Simchi-Levi, S. David Wu and 
Zuo-Jun (Max) Shen. Kluwer. 

Gillies, D.B., (1959) Solutions to General Non-zero-sum 
Games,. in Contributions to the Theory of Games 
vol. IV, Annals of Math Studies Vol. 40, pp. 47-85, 
Princeton Univ. Press, Princeton, NJ. 

Hennet, J.-C. (2003). A bimodal scheme for multi-stage 
production and inventory control, Automatica 39, 
pp.793-805. 



MOSIM’10 - May 10-12, 2010 - Hammamet - Tunisia 

Hennet, J.-C. and Mahjoub, S. (2009a). A Cooperative 
Approach to Supply Chain Network Design 

 Preprints of the 13th IFAC Symposium on Informa-
tion Control Problems in Manufacturing 
(INCOM'09), Moscow, Russia, June 3 - 5, 2009, 
pp.1545-1550. 

Hennet, J.-C. and Mahjoub, S. (2009b). Toward the fair 
sharing of profit in a supply network formation. 
Submitted 

 
Lamothe, J., Hadj-Hamou, K., and Aldanondo, M. 

(2005). Product family and supply chain design, in 
Supply Chain Optimisation - Product/Process De-
sign, Facility Location and Flow Control, A. Dol-
gui, J. Soldek, O. Zaikin Eds., pp.175-190, Springer, 
New-York. 

Nagarajan, M., Sošić G.. (2008). Game-Theoretic Analy-
sis of Cooperation Among Supply Chain Agents: 

Review and Extensions. European Journal of Oper-
ational Research 187 (3) 719-745.   

Osborne M.J., and Rubinstein, A. (1994). A Course in 
Game Theory, The MIT Press, Cambridge MA. 

Owen, G. (1975). On the core of linear production 
games, Math.  Programming  9, pp. 358.370. 

Shapley, L. S., and Shubik, M. (1972). .The Assignment 
Game 1: the Core,. Int. J. Game Theory 1, pp. 
111.130. 

Van Gellekom, J. R. G., Potters J. A. M.,  Reijnierse  J. 
H., Engel  M. C., and  Tijs, S. H. (2000). Characteri-
zation of the Owen Set of Linear Production 
Processes, Games and Economic Behavior, vol. 
32(1), pp 139-156. 

 Von Neumann J., and Morgenstern O. (1944) Theory of 
games and economic behavior, Wiley, New-York.  

 
 

 


